We consider unitary conjugation channels with continuous random phases. The spectral properties of the channel average are examined, thereby the asymptotic behaviors of the repeated quantum interactions of the motion are derived. We then study the channels with uniformly distributed continuous phases on an interval. In this context, it is shown that discrete phases are sufficient to achieve the channel average.
this scenario, the transition of this open quantum system may be modeled by
where U θ = UD θ , U is a fixed d×d unitary matrix, and D θ = diag(e iθ 1 , ..., e iθ d ), a diagonal unitary matrix with random phases {θ j } d j=1 being i.i.d. random variables, distributed according to a probability measure µ on (−∞, ∞).
To define the random phases properly, we introduce the probability space (Θ, F , P) where Θ = {θ|θ = (θ 1 , θ 2 , ..
, F is the σ-algebra generated by cylinders of Borel sets, and P = ⊗ d j=1 µ, where µ is a probability measure on R such that Var(e iθ j ) = 0 for j = 1, 2, ..., d. We denote expectation values with respect to P by E.
Choosing U θ randomly according to the distribution P defined above, we obtain a unitary conjugation channel-valued variable
For a fixed θ, one can check that the spectrum of Φ U θ is spec(Φ U θ ) = {λ 1 λ 2 |λ 1 , λ 2 ∈ spec(U θ )}.
For instance, let us choose U = I, one gets the spectrum of Φ U θ is
For this type of quantum channel-valued variable, to reason about its behavior, we are interested in its expectation with respect to the probability measure P, which is defined by
For the sake of convenience, we call this quantum channel as "mean unitary conjugation channel", abbreviated to "MUCC". It can be checked that E(Φ U θ ) is a bistochastic quantum channel (unital and trace preserving). One may want to ask: what are the properties of a generic quantum channel? Our focus is on its spectral properties. The main results on its spectral properties are presented in theorem 1 and its corollary.
Let C be the set of all quantum channels that have 1 as a simple eigenvalue and all other eigenvalues are contained in the open unit disc. A relevant result is recorded here for future reference. Proposition 1. (see, for instance, [6] ) Consider a quantum channel Φ ∈ C. Then, for all density matrices ρ 0 ∈ M
where ρ ∞ is the unique invariant state of Φ.
Before showing main results of this article, we present two lemmas pertain to the behavior of unitary random variables. Lemma 1. If λ θ dP = 1 with |λ θ | = 1 a.s., then λ θ = 1 a.s.. This is a well-known fact. We omit the poof of it.
Lemma 2. Suppose that
Since the common variance is non-zero, all the a j must be null. Theorem 1. Let U be a fixed unitary matrix of size d, and let the phases {θ j } d j=1 be i.i.d. random variables, distributed according to a probability measure µ on (−∞, ∞) as described above. Then the following two assertions hold.
1. When each element of U is non-zero, then E(Φ U θ ) ∈ C. It is noted that d −1 I is the unique invariant state of E(Φ U θ ).
2. When each element on the main diagonal of U is non-zero, then 1 is the only eigenvalue of E(Φ U θ ) on the unit circle and all other eigenvalues are contained in the open unit disc.
which implies that λ = λ θ dP, thus one can deduce that λ θ = λ a. s. by Lemma 1. In summary, as shown from the preceding reasoning, E(Φ U θ )(ρ) = λρ with |λ| = 1 implies U θ ρU ⋆ θ = λρ a.s., which is equivalent to U θ ρ = λρU θ a.s..
Before we proceed further, we announce that all arguments below are based on Lemma 2. In what follows we aim at proving two facts about the aforesaid λ and ρ: (1) λ = 1; (2) ρ is a diagonal matrix. It should be stressed that the only condition imposed here on the channel E(Φ U θ ) is the non-nullity of entries on the main diagonal of U, namely, u kk = 0 for k = 1, 2, ..., d ( the two cases described in the theorem satisfies this condition ). Let us choose (L kj ) and (R kj ) to denote matrices U θ ρ and λρU θ , respectively, then
For each k ∈ {1, 2, ..., d}, using u kk = 0, one can deduce that ρ kj = 0 for j = k. This has shown that the eigenvector ρ actually is a diagonal matrix, which can be written as ρ = diag(ρ 11 , ..., ρ dd ). Note that ρ = 0, one may assume that ρ 11 = 0 without loss of generality. Then λ = 1 immediately follows from L 11 = R 11 . Case 1. U = 0, meaning each element of the matrix U is non-zero. Under this circumstance, the equalities L k1 = R k1 for k = 1, 2, ..., d imply that ρ 11 = ρ 22 = ... = ρ dd . Then one may choose ρ = d −1 I. Case 2. Considering the preceding arguments, we only need to prove that any diagonal matrix ρ can be an eigenvector of E(Φ U θ ) corresponding the unit eigenvalue when U = diag(u 11 , u 22 , ..., u dd ). This is obviously true due to the fact that multiplication is commutative for diagonal matrices.
To illustrate that the non-nullity of entries on the main diagonal of U is just a sufficient condition, for that 1 is the only eigenvalue of E(Φ U θ ) on the unit circle and all other eigenvalues are contained in the open unit disc. Let us take a look at a specific channel E(Φ U θ ) with U defined by
Without much difficulty, one can show that both 1 and −1 are eigenvalues of E(Φ U θ ), and their respective eigenspaces are spanned by 2 −1 I and σ 3 . Here, σ 3 is defined by
